
Vitor Sousa
CE3Cïcenter for ecology, evolution and environmental changes

2018 WSPG Cesky Krumlov

26 Jan 2018

vmsousa@fc.ul.pt

Demographic inference based on Site 

frequency spectrum (SFS) ïPart I



Outline

PartI

ÅModeling demographic history: Population trees vs gene trees

ÅThe SFS and coalescent trees

ÅFastsimcoal2 principles

Part II 

ÅExample of applications to different problems and types of 
data



Model-based
methods
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EvolutionaryProcesses:
Å Demography
Å Selection
Å Mutation
Å Recombination

Connecting observed patterns to the 
evolutionary processes

Observed
patterns



Demographic history of populations

Past demographic events:

ÁPopulation split

ÁMigration events

ÁChanges in effective 
population sizes (expansions 
or bottlenecks)

ÁTemporal changes in 
migration rates and effective 
sizes

Population tree



Sample site 1
ind1 ATGC ςallele 1
ind2 ATCC ςallele 2
ind3 ATCC ςallele 2

Sample site 2
ind1  ATCC ςallele 2
ind2  ATGC ςallele 1
ind3  ATGC ςallele 1

How to connect alleles with demographic history?



Gene trees reflect 
the species history

Sample1 Sample2

GC C CG G

Mutation G to C

Population tree with migration 
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Gene trees reflect 
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Gene trees vs. Population trees

Gene treesreflect the ancestry of 
genes within populations.

The relationship between 
populations is given by the 
population tree.

In phylogeneticsit is usually 
assumed that the gene tree reflects 
the population/species tree. 

However, in the time scale of 
population genetics, gene trees at a 
particular region of the genome 
(locus) can be very different from 
the population tree. 

Nichols(2001) TREE



Reconstructing the demographic history 
from genomic data

ÅDemographyisexpectedto affect the 
entire genome

ÅNatural selectionactson specific
functionalregions

Genome

Because of recombination, different regions of the 

genome can have different gene trees

tim
e

All gene trees are consistent with the 

population tree. Independent gene

trees can be seen as independent

replicates of the same population tree.
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Coalescent Theory

Classical population genetics theory tries to predict what will happen in the 
future of a given population. It is a prospective approach.

Coalescent theory is a retrospective approach to population genetics that 
describes the ancestry of sampled of genes, as a function of an underlying model 
(demographic history).

Coalescent theory provides a model for the evolutionary forces (genetic drift, 
migration, mutation) and the sampling process that affect the observed data.

This process has been formalized by J.C. Kingman in a series of seminal papers 
published in 1982, and independently formalized by Hudson (1983) and Tajima 
(1983).



The principle of the coalescent theory

ÅFor a given sample of individuals 
(gene copies or lineages) there is 
always a gene treedescribing the 
ancestry of the sample.

ÅHow many generations do we 
need to wait until they find an 
ancestor (i.e. a pair of lineages 
coalesce)?

Time

past

present



Letôs start simple: 2 lineages

In a population of N diploid individuals (2N gene copies)

t-1

t

Pr(coal)       =  1/2N
Pr(no coal) = 1-(1/2N)

In the 1st generation in the past:

present
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t-1

t

Pr(coal)       =  1/2N
Pr(no coal) = 1-(1/2N)

t-2

No coalescent 
Pr(no coal) = 1-(1/2N)

In the 2nd generation in the past:
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Letôs start simple: 2 lineages

t-1

t

Pr(coal)       =  1/2N
Pr(no coal) = 1-(1/2N)

t-2

No coalescent 
Pr(no coal) = 1-(1/2N)

In a population of N diploid individuals (2N gene copies)

Hence, the probability of coalescent at generation t follows a geometric distribution, 
with probability of success(1/2N):

Pr( coal at generation t ) =



Expected time of coalescent for two lineages

T2 follows a geometric distribution 

with probability of success p=(1/2N)

Expected time:

E[T2]=(1/p) = 2N

(HUGE) Variance:

Var(T2)=(1-p)/p2 = 2N2-2N

Pr( T2 = t ) =

Lets say T2 is the random variable 

describing the time (in generations) 

until two lineages coalesce

Theexpectedtime for the
TMRCA of 2 lineagesis 2N!



Expected coalescent times in a constant size population

Discrete time 
in generations

Continuous time
(in 2N units)

- What are the longest branches we expect in a stationary population?
- Do we expect the relative branch length to differ in large and small populations?

For a sample of n 
lineagesthe expected
TMRCA is 4N



The expected time is 4N, but there is a large variance

Five independent genomic regions from the same constant size population.

Hein et al (2004) Gene Genealogies, Variation and evolution



Gene trees in growing populations

ÅCoalescent rate is largerin smallerpopulations, and sowe expectsmallerintervals
betweencoalescent eventsin smallerpopulations

ÅCoalescent rate is lower with a lower numberof lineages, and sowe expectedlarger
intervalsbetweencoalescent eventsas the numberof lineagesdecrease

10000

500000

500

StationaryPopulation ExpandingPopulation

With less lineages

the longer the time 

intervals between

coalescent events

Most coalescent 

occur in the ancestral 

population, when the 

size is smaller.

Long external branches

past

present

past

present



Stationary 
population
gene trees at five 
genome regions

Expanding 
population
gene trees at five 
genome regions

Hein et al (2004) Gene Genealogies, Variation and evolution



Gene trees for decreasing populations
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StationaryPopulation BottleneckPopulation
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ÅIf we could observed directly the gene trees, we 
could easily reconstruct the population tree and 
the demographic history.

Å.ǳǘ ǿŜ Řƻ ƴƻǘ ƻōǎŜǊǾŜ ƎŜƴŜ ǘǊŜŜǎΧ

ÅWe can still learn about gene trees from the 
observed mutations and the allele frequencies in 
samples



Adding neutral mutations
The shape of neutral coalescent trees only depend on the population demography, and not on the 
mutational process. Assuming that all alleles have the same fitness, the mutational process can be 
modeled as an independent process superimposed on a realized coalescent tree.   

Mutations just accumulate along the branches of the tree according to a Poisson process with rate                 
for the i-th branch of length t i. The Poisson process is stochastic but it should be immediately obvious 
that long branches will carry more mutations than short branches 

i itl m=

Hein et al (2004) Gene Genealogies, Variation and evolution



We expect less diversity in a bottlenecked population

ÅMutations accumulatealongthe branches. 

ÅThe longer a givenbranchthe more likely it becomesthat a mutation have 
happenedon it.

10000

StationaryPopulation BottleneckPopulation

Most individuals share the 

same mutations

5
0
0

500000

Mutations shared
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Mutations only

found in one 

descendent

(Singletons)

Mutations shared

by 4 descendents

Mutations shared

by 6 descendents

past

present



We expect less diversity in a bottlenecked population

10000

500000
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StationaryPopulation ExpandingPopulation

In an expanding

population, most

mutations are only found

in a single lineage -

SINGLETONS

Mutations shared

by 5 descendents
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Site frequency spectrum (SFS)

Á The SFS summarizes efficiently

genome-wide data

Á Assuming a single population ï

1Dimensional SFS

Data

Outgroup !¢!//DΧ
Individualм !¢!//DΧ
Individual2 ATTCGDΧ
Individual3 ATACGDΧ

Observed 
SFS

?
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Site frequency spectrum (SFS)
Outgroup AT!//DΧ
Individual1 AT!//DΧ
Individual2 AT¢/DDΧ
Individual3 AT!/DDΧÅThe SFS summarizesefficiently

genome-widedata

ÅAssuminga single population ς
1Dimensional SFS

Data

Observed 
SFS



Data

S
N

P
 c

o
u

n
ts

Frequency of derived allele

Observed 
SFS

Outgroup ATA//DΧ
Individual1 ATA//DΧ
Individual2 ATT/DDΧ
Individual3 ATA/DDΧ

Site frequency spectrum (SFS)

ÅThe SFS summarizesefficiently
genome-widedata

ÅAssuminga single population ς
1Dimensional SFS



Site frequency spectrum (SFS)

Á The SFS summarizes efficiently

genome-wide data

Á Assuming a single population ï

1Dimensional SFS

Data
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Frequency of derived allele

Outgroup !¢!//DΧ
Individualм !¢!//DΧ
Individual2 ATTCGDΧ
Individual3 ATACGDΧ

The SFS ignores information about linkage. 
It is best suited for the study of many 
unlinked (or recombining) DNA sequences.

In a stationary population, the expected 
SFS relative frequencies are given by: 

( )iE
i

q
x = Fu and Li, 1993

Observed 
SFS



We can obtain the SFS from genotype call data

Genotypes:

Å0 homozygote for reference allele

Å1 heterozygote

Å2 homozygote for alternative 
allele

This can be done if we have 
enough depth of coverage 
(>10x)

SNP1 SNP2 SNP3 SNP4

Individual1 0 2 0 1

Individual2 0 0 1 0

Individual3 1 0 0 0

Individual4 0 1 0 0

Individual5 0 0 1 0

Observed SFS is a vector (1 dimensional SFS):

Frequency 0 1 2 3 4 5 6 7 8 9 10

SNP count 0 2 1 1 0 0 0 0 0 0 0



SFS from genotype call data

Even if we have millions of 
SNPs we can summarize the 
genomic data to 10 numbers 
with the SFS! 

The size of the SFS depends 
on the number of sampled 
individuals.

Frequency 0 1 2 3 4 5 6 7 8 9 10

SNP count 0 250,032 152,300 76,504 45,362 30,210 15,329 5,642 3,524 2,123 0

Observed SFS is a vector (1 dimensional SFS):



Coalescent and the SFS

Á A recentpopulation growth
followinga bottleneckleads to 
genetreeswith long external
branches

Á Veryfew mutations in the internal
branches

Á Most mutations in long external
branches are only found in one 
lineage, resultingin an excessof 
singletons
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SFS depends on past demography
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Natural selection also affects the SFS

Background selection (BGS) leads to patterns similar to 
population expansion.

Bank et al (2014) Trends in Genetics



Population structure

Migration events can be incorporated 
into gene trees.

Migration from Pop 2 to Pop 1, leads 
to lineages moving from Pop 1 to pop 
2 backward in time.

At each generation, the probability of 
immigration into population 1 from 
population 2 is given by:

Pr(migrate) = n1* m

Where n1 is the number of lineages in 
population 1, and m is the 
immigration rate.



Site frequency spectrum from multiple populations 
(joint SFS)

Á For a pair of populations ï2D 

SFS

ï Count the SNPs have a frequency

of the derived allele of i in 

population 1, and of j in population 2

Á We can extend this to 3D SFS, 

4D SFS, etc.



FST in terms of coalescent times

FST= (fςfw)/f

Where:
f is the average 
coalescent time 
among populations

fw is the average 
coalescent time within 
populations



Derived vs Minor allele frequency spectrum

ÅSo far, we have assumed that the allele frequency is 
the number of sequences with the derived allele 
frequency (unfolded SFS). We need information 
(outgroup) to determine the ancestral/derived 
state.

ÅIf we do not have that information, we can work 
with the minor allele frequency (folded SFS). In this 
case, the allele with a lower frequency is treated as 
the reference.



Model based inference

ÅWhat is the model that best fits the data?

ÅWhatare the most likelyparametersof eachmodel?

Sousa and Hey (2013) Nat. Rev. Gen.



A model is represented by a population tree that 
reflects the past evolutionary history

Parameters:

ÁPopulation split times

ÁMigration rates

ÁEffective population sizes 

ÁTemporal changes in 
migration rates and 
effective sizes

ÁSelective coefficient and 
type of selection (positive 
or negative)

ÁMutation rate

ÁRecombination rate

Population tree
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Site frequency spectrum (SFS)

The SFS contains information 

about the demographic history of 

populations

Sousa and Hey (2013) Nat. Rev. Genet.


