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Why	
  esImate	
  populaIon/species	
  trees?

•May	
  be	
  interested	
  in	
  a	
  phylogeographic	
  
ques5on,	
  and	
  need	
  a	
  tree	
  upon	
  which	
  to	
  
infer	
  ancestral	
  loca5ons

• Hypothesis	
  genera5on	
  (e.g.,	
  isola5on	
  with	
  
migra5on	
  models)

• Need	
  a	
  tree	
  for	
  ABBA/BABA	
  sta5s5cs

• Interest	
  in	
  the	
  phylogeny/systema5cs	
  of	
  a	
  
group	
  of	
  organisms



Invariants	
  methods	
  for
phylogeneIc	
  inference

Phylogene5c	
  invariants	
  work	
  by	
  examining	
  paGerns	
  in	
  the	
  
data	
  in	
  order	
  to	
  determine	
  whether	
  they	
  show	
  rela5onships	
  
that	
  are	
  predicted	
  by	
  par5cular	
  tree	
  topologies.

Typically,	
  invariants	
  are	
  linear	
  or	
  polynomial	
  expressions	
  that	
  
evaluate	
  to	
  specific	
  expected	
  values	
  for	
  each	
  possible	
  tree	
  topology.	
  	
  
By	
  tabula5ng	
  site	
  paGern	
  frequencies,	
  we	
  can	
  calculate	
  the	
  values	
  
of	
  the	
  invariants	
  and	
  ask	
  whether	
  they	
  approximate	
  these	
  expected	
  
values.	
  This	
  informa5on	
  allows	
  selec5on	
  of	
  a	
  preferred	
  tree,	
  and	
  
rejec5on	
  of	
  the	
  other	
  possibili5es.



Early	
  work	
  on	
  phylogeneIc	
  invariants

Cavender	
  and	
  Felsenstein	
  (1987)
Quadra5c	
  invariants	
  for	
  2-­‐state	
  data

Lake	
  (1987)
Linear	
  invariants	
  for	
  4-­‐state	
  nucleo5de	
  data



Much	
  subsequent	
  work	
  by	
  mathemaIcians

•	
  Cavender	
  and	
  Felsenstein	
  (1987)
Quadra5c	
  invariants	
  for	
  2-­‐state	
  data

•	
  Lake	
  (1987)
Linear	
  invariants	
  for	
  4-­‐state	
  nucleo5de	
  data

•	
  Much	
  subsequent	
  work	
  by	
  mathema5cians:
-­‐Evans	
  and	
  Speed	
  (1993)	
  
-­‐Sankoff	
  and	
  BlancheGe	
  (2000)
-­‐Allman	
  and	
  Rhodes	
  (2003,	
  2004)
-­‐Sturmfels	
  and	
  Sullivant	
  (2005)
-­‐many	
  others

...	
  and	
  many	
  more



Much	
  subsequent	
  work	
  by	
  mathemaIcians

Despite	
  providing	
  a	
  great	
  deal	
  of	
  recrea2onal	
  opportuni2es	
  for	
  
mathema2cians/algebraic	
  sta2s2cians,	
  these	
  methods	
  were	
  
almost	
  completely	
  ignored	
  by	
  empirical	
  evolu2onary	
  biologists!



Lake’s	
  linear	
  invariants
(“EvoluIonary	
  Parsimony”)

Calculate	
  similar	
  terms	
  Y	
  and	
  Z	
  for	
  the	
  trees	
  ((1,3),(2,4))	
  and	
  ((1,4),(2,3)).

The	
  true	
  tree	
  is	
  expected	
  to	
  take	
  a	
  posi5ve	
  value	
  for	
  one	
  of	
  X,	
  Y,	
  and	
  Z;	
  the	
  
other	
  two	
  are	
  expected	
  to	
  be	
  zero	
  (i.e.,	
  the	
  invariants).

Y	
  =	
  F	
  +	
  v	
  -­‐	
  L	
  -­‐	
  N	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Z	
  =	
  G	
  +	
  w	
  -­‐	
  Q	
  -­‐	
  S

(paGerns	
  not	
  involving	
  2	
  pyrimidines	
  and	
  2	
  purines	
  are	
  ignored)

For	
  the	
  tree	
  ((1,2),(3,4)),	
  tabulate	
  

Then:

For	
  each	
  set	
  of	
  4	
  sequences	
  (quartet):

E	
  =	
  fAA|CC	
  +	
  fAA|TT	
  +	
  fCC|AA	
  +	
  fCC|GG	
  +	
  fGG|CC	
  +	
  fGG|TT	
  +	
  fTT|AA	
  +	
  fTT|GG
u	
  =	
  fAG|CT	
  +	
  fAG|TC	
  +	
  fCT|AG	
  +	
  fCT|GA	
  +	
  fGA|CT	
  +	
  fGA|TC	
  +	
  fTC|AG	
  +	
  fTC|GA
H	
  =	
  fAG|CC	
  +	
  fAG|TT	
  +	
  fCT|AA	
  +	
  fCT|GG	
  +	
  fGA|CC	
  +	
  fGA|TT	
  +	
  fTC|AA	
  +	
  fTC|GG
J	
  =	
  fAA|CT	
  +	
  fAA|TC	
  +	
  fCC|AG	
  +	
  fCC|GA	
  +	
  fGG|CT	
  +	
  fGG|TC	
  +	
  fTT|AG	
  +	
  fTT|GA

X	
  =	
  E	
  +	
  u	
  -­‐	
  H	
  -­‐	
  J

1
2

3
4



Inferring	
  evoluIonary	
  trees	
  using	
  matrix	
  rank	
  
and	
  the	
  Singular	
  Value	
  DecomposiIon(SVD)

• Allman	
  and	
  Rhodes	
  (2003,	
  2004)	
  
• Eriksson(2005)
• Chifman	
  and	
  Kubatko	
  (2014,	
  2015)
• Fernández-­‐Sánchez	
  and	
  Casanellas	
  (2016)

Exploit	
  the	
  fact	
  that	
  there	
  are	
  linear	
  dependencies	
  in	
  
site-­‐pagern	
  frequencies	
  that	
  are	
  tree-­‐topology	
  
specific	
  (the	
  “invariants”)



Site	
  pagern	
  frequencies

1 3 5 6

A	
  tree	
  for	
  4	
  taxa,	
  which	
  may	
  be	
  a	
  
subtree	
  of	
  a	
  larger	
  tree	
  



Site	
  pagern	
  frequencies
G

A A G G



Site	
  pagern	
  frequencies
C

C C G C
A A G G



Site	
  pagern	
  frequencies
A

C C G C
A A G G

C A A G

...
...

...
...



Allman-­‐Rhodes-­‐Erikkson	
  invariants	
  from
Singular	
  Value	
  DecomposiIon

For	
  each	
  set	
  of	
  4	
  sequences	
  (quartet),	
  we	
  can	
  count	
  the	
  
relaIve	
  frequencies	
  of	
  the	
  256	
  possible	
  site	
  pagerns

pijkl Taxon A Taxon B Taxon C Taxon D Frequency

1 A A A A pAAAA

2 A A A C pAAAC

3 A A A G pAAAG

4 A A A T pAAAT

・・・ ・・・ ・・・ ・・・ ・・・ ・・・
129 G G G A pGGGA

130 G G G C pGGGC

・・・ ・・・ ・・・ ・・・ ・・・ ・・・
255 T T T G pTTTG

256 T T T T pTTTT



Flagening	
  matrices
For	
  each	
  set	
  of	
  4	
  sequences	
  (quartet):

Represent	
  the	
  paGern	
  frequencies	
  by	
  three	
  “flaGening	
  matrices”	
  (one	
  for	
  each	
  
resolu5on	
  of	
  the	
  quartet):

Tree Construction using Singular Value Decomposition 349

taxa 1 and 3 and the columns by bases of taxa 2 and 4:

Flat{1,3},{2,4}(P ) =



















AA AC AG AT CA CC . . .

AA pAAAA pAAAC pAAAG pAAAT pACAA pACAC . . .
AC pAACA pAACC pAACG pAACT pACCA pACCC . . .
AG pAAGA pAAGC pAAGG pAAGT pACGA pACGC . . .
AT pAATA pAATC pAATG pAATT pACTA pACTC . . .
CA pCAAA pCAAC pCAAG pCAAT pCCAA pCCAC . . .
...

...
...

...
...

...
...

...



















.

Next we define a measure of how close a general partition of the leaves is
to being a split. If A is a subset of the leaves of T , we let TA be the subtree
induced by the leaves in A (in Chapter 18 this subtree is denoted by [A]). That
is, TA is the minimal set of edges needed to connect the leaves in A.

Definition 19.3 Suppose that {A,B} is a partition of [n]. The distance be-
tween the partition {A,B} and the nearest split, written e(A,B), is the number
of edges that occur in TA ∩ TB .

Notice that e(A,B) = 0 exactly when {A,B} is a split.
Consider TA ∩ TB as a subtree of TA. Color the nodes in TA ∩ TB red, the

nodes in TA \ (TA ∩ TB) blue. Say that a node is monochromatic if it and
all of its neighbors are of the same color. We let mono(A) be the number of
monochromatic red nodes. That is:

Definition 19.4 Define mono(A) as the number of nodes in TA ∩ TB that do
not have a node in TA \ (TA ∩ TB) as a neighbor.

See Figure 19.1 for an example of e(A,B) and mono(A).
Our main theorem ties together how close a partition is to being a split with

the rank of the flattening associated to that partition.

Theorem 19.5 Let {A,B} be a partition of [n], let T be a binary, unrooted

tree with leaves labeled by [n], and assume that the joint probability distribution

P comes from a Markov model on T with an alphabet with m letters. Then the

generic rank of the flattening FlatA,B(P ) is given by

min
(

me(A,B)+1−mono(A),me(A,B)+1−mono(B),m|A|,m|B|
)

. (19.1)

Proof We claim that FlatA,B(P ) can be thought of as the joint distribution for
a simple graphical model. Pick all the nodes that are shared by the induced
subtrees for A and B: call this set R. If R is empty, then {A,B} is a split; in
that case let R be one of the vertices of the edge separating A and B. Notice
that |R| = e(A,B) + 1. Think of these vertices as a single hidden random
variable which we will also call R with m|R| = me(A,B)+1 states. Group the
states of the nodes in A together into one m|A|-state observed random variable;

Allman-­‐Rhodes	
  and	
  Eriksson	
  main	
  result:

Under	
  very	
  general	
  Markov	
  assump2ons,	
  the	
  flaMening	
  matrices	
  are	
  full	
  
rank	
  (16)	
  for	
  the	
  two	
  incorrect	
  trees,	
  but	
  the	
  rank	
  of	
  the	
  matrix	
  
corresponding	
  to	
  the	
  true	
  is	
  tree	
  expected	
  to	
  be	
  4.	
  

(“rank”	
  =	
  number	
  of	
  linearly	
  independent	
  rows	
  and	
  columns)



IntuiIon	
  on	
  reduced	
  rank/linear	
  dependencies

A C A C
A C C A
C A A C
C A C A

E.g.,	
  all	
  4	
  of	
  these	
  site	
  paGerns	
  have	
  
the	
  same	
  expected	
  frequency

f(AC|AC)=f(AC|CA)=f(CA|AC)=f(CA|CA)

True	
  tree

1 32 4

Incorrect	
  tree

A A C C
A C C A
C A A C
C C A A

1 23 4

These	
  paGerns	
  are	
  not	
  all	
  expected	
  
to	
  have	
  the	
  same	
  expected	
  

frequency	
  if	
  they	
  evolved	
  on	
  the	
  
other	
  tree

	
  
f(AA|CC)≠f(AC|CA)≠f(CA|AC)≠f(CC|AA)



Flagenings	
  for	
  a	
  2-­‐State	
  Jukes-­‐Cantor	
  model

AA AG GA GG

AA a
AG
GA
GG a

A

A

A

A

G

G

G

G
=

FlaGening	
  matrix
for	
  1,2|3,4



AA AG GA GG

AA a b b
AG b

GA b

GG a

A

A

A

G

A

G

A

A
=

A

A

G

A

G

A

A

A
==

FlaGening	
  matrix
for	
  1,2|3,4

Flagenings	
  for	
  a	
  2-­‐State	
  Jukes-­‐Cantor	
  model



AA AG GA GG

AA a b b
AG b b

GA b b

GG b b a

A

G

G

G

G

G

A

G
=

G

A

G

G

G

G

G

A
==

FlaGening	
  matrix
for	
  1,2|3,4

Flagenings	
  for	
  a	
  2-­‐State	
  Jukes-­‐Cantor	
  model



AA AG GA GG

AA a b b c
AG b b

GA b b

GG c b b a

A

A

G

G

G

G

A

A
=

FlaGening	
  matrix
for	
  1,2|3,4

Flagenings	
  for	
  a	
  2-­‐State	
  Jukes-­‐Cantor	
  model



AA AG GA GG

AA a b b c
AG b d d b

GA b d d b

GG c b b a

A

A

G

G

G

G

A

A
=

FlaGening	
  matrix
for	
  1,2|3,4

G

A

G

G

G

G

G

A
==

Flagenings	
  for	
  a	
  2-­‐State	
  Jukes-­‐Cantor	
  model



Some	
  numbers
3

4

0.1

0.1
1

2

0.1

0.1

0.1

“True”	
  branch	
  lengths	
  
in	
  expected	
  

subs5tu5ons/site

0.09300841
0.06135527
0.06135527
0.06811487
0.06135527
0.04672782
0.04672782
0.06135527
0.06135527
0.04672782
0.04672782
0.06135527
0.06811487
0.06135527
0.06135527
0.09300841

pAAAA
pAAAG
pAAGA
pAAGG
pAGAA
pAGAG
pAGGA
pAGGG
pGAAA
pGAAG
pGAGA
pGAGG
pGGAA
pGGAG
pGGGA
pGGGG

Expected	
  site-­‐paGern	
  
frequencies

AA AG GA GG

AA 0.093008 0.061355 0.061355 0.068115

AG 0.061355 0.046728 0.046728 0.061355

GA 0.061355 0.046728 0.046728 0.061355

GG 0.068115 0.061355 0.061355 0.093008

Expected	
  flaGening	
  matrix	
  for	
  1,2|3,4

etc.



AA AG GA GG

AA 0.093008 0.061355 0.061355 0.068115

AG 0.061355 0.046728 0.046728 0.061355

GA 0.061355 0.046728 0.046728 0.061355

GG 0.068115 0.061355 0.061355 0.093008

Expected	
  flaGening	
  matrix	
  for	
  1,2|3,41

2

3

4

0.1

0.1 0.1

0.1
0.1

“True”	
  branch	
  lengths	
  
in	
  expected	
  

subs5tu5ons/site

0.09300841
0.06135527
0.06135527
0.06811487
0.06135527
0.04672782
0.04672782
0.06135527
0.06135527
0.04672782
0.04672782
0.06135527
0.06811487
0.06135527
0.06135527
0.09300841

pAAAA
pAAAG
pAAGA
pAAGG
pAGAA
pAGAG
pAGGA
pAGGG
pGAAA
pGAAG
pGAGA
pGAGG
pGGAA
pGGAG
pGGGA
pGGGG

Expected	
  site-­‐paGern	
  
frequencies

AA AG GG

AA 0.093008 0.061355 0.068115
AG 0.061355 0.046728 0.061355
GG 0.068115 0.061355 0.093008

Delete	
  redundant	
  3rd	
  row	
  and	
  column...

fAA,GG	
  =	
  -­‐fAA,AA	
  +	
  2.62617	
  fAA,AG	
  =	
  0.068115
fAG,GG	
  =	
  -­‐fAG,AA	
  +	
  2.62617	
  fAG,AG	
  =	
  0.061355
fGG,GG	
  =	
  -­‐fGG,AA	
  +	
  2.62617	
  fGG,AG	
  =	
  0.093008

Note	
  that	
  we	
  can	
  now	
  obtain	
  the	
  last	
  column	
  
of	
  the	
  above	
  matrix	
  as	
  a	
  linear	
  combina5on	
  
of	
  the	
  first	
  two	
  columns:

∴	
  matrix	
  has	
  only	
  two	
  linearly	
  independent	
  
rows	
  and	
  columns;	
  rank	
  is	
  2

Some	
  numbers



To	
  esImate	
  the	
  rank,	
  compute	
  the	
  singular	
  value	
  decomposiIon	
  (SVD)	
  
of	
  each	
  matrix:
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  s	
  =	
  [s1,	
  s2,	
  s3,	
  ...	
  s16	
  ].

For	
  the	
  true	
  tree,	
   si ≈ 0
i=5

16

∑ .	
  Otherwise,	
   si > 0
i=5

16

∑

EsImaIng	
  the	
  rank

Thus,	
  for	
  each	
  of	
  the	
  three	
  trees	
  for	
  four	
  taxa,	
  we	
  can	
  compute	
  the	
  
Frobenius	
  distance	
  from	
  each	
  to	
  the	
  nearest	
  rank-­‐4	
  matrix:

score = si
2

i=5

16

∑

where	
  the	
  si	
  are	
  the	
  16	
  singular	
  values	
  resul2ng	
  from	
  the	
  SVD

Then	
  choose	
  the	
  tree	
  with	
  the	
  lowest	
  score.



The	
  Singular	
  Value	
  DecomposiIon	
  (SVD)

M = UΣVT

Decompose	
  an	
  iniIal	
  matrix	
  into	
  3	
  new	
  ones,	
  
such	
  that	
  mulIplying	
  the	
  new	
  matrices	
  as	
  shown	
  
below	
  returns	
  the	
  original	
  matrix	
  exactly



f12,34 =

0.093008 0.061355 0.061355 0.068115
0.061355 0.046728 0.046728 0.061355
0.061355 0.046728 0.046728 0.061355
0.068115 0.061355 0.061355 0.093008

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=UΣVT

U =

-0.562539 0.707107 0.428427 0
-0.428427 0 -0.562539 -0.707107
-0.428427 0 -0.562539 -0.707107
-0.562539 0.707107 0.428427 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

,    V =

-0.562539  0.707107 0.428427 0
-0.428427 0 -0.562539 -0.707107
-0.428427 0 -0.562539 -0.707107
-0.562539  0.707107 0.428427 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

Σ =

0.254578 0 0 0
0 0.024893 0 0
0 0 0 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥ Last	
  two	
  singular	
  values	
  

are	
  zero;	
  rank	
  =	
  2

f12,34 =UΣV
T

=

-0.562539 0.707107 0.428427 0
-0.428427 0 -0.562539 -0.707107
-0.428427 0 -0.562539 -0.707107
-0.562539 0.707107 0.428427 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

0.254578 0 0 0
0 0.024893 0 0
0 0 0 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

-0.562539 -0.428427 -0.428427 -0.562539
 0.707107 0 0  0.707107
0.428427 -0.562539 -0.562539 0.428427

0 -0.707107 −0.707107 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=

0.093008 0.061355 0.061355 0.068115
0.061355 0.046728 0.046728 0.061355
0.061355 0.046728 0.046728 0.061355
0.068115 0.061355 0.061355 0.093008

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

Check:

✔

The	
  Singular	
  Value	
  DecomposiIon	
  (SVD)



AA AG GA GG

AA a b b
AG
GA
GG

FlaGening	
  matrix
for	
  1,3|2,4

AA AG GA GG

AA a b b c
AG b d d b

GA b d d b

GG c b b a

FlaGening	
  matrix
for	
  1,2|3,4

When	
  the	
  flagening	
  corresponds	
  to	
  a	
  
tree	
  that	
  did	
  not	
  generate	
  the	
  data



AA AG GA GG

AA a b b d
AG c

GA
GG

AA AG GA GG

AA a b b c
AG b d d b

GA b d d b

GG c b b a

FlaGening	
  matrix
for	
  1,2|3,4

FlaGening	
  matrix
for	
  1,3|2,4

When	
  the	
  flagening	
  corresponds	
  to	
  a	
  
tree	
  that	
  did	
  not	
  generate	
  the	
  data



AA AG GA GG

AA a b b d
AG b c d b

GA b d c b

GG d b b a

AA AG GA GG

AA a b b c
AG b d d b

GA b d d b

GG c b b a

FlaGening	
  matrix
for	
  1,2|3,4

FlaGening	
  matrix
for	
  1,3|2,4

No	
  redundant	
  rows;
matrix	
  is	
  full	
  rank	
  (=4)

When	
  the	
  flagening	
  corresponds	
  to	
  a	
  
tree	
  that	
  did	
  not	
  generate	
  the	
  data



When	
  the	
  flagening	
  corresponds	
  to	
  a	
  
tree	
  that	
  did	
  not	
  generate	
  the	
  data

f13,24 =

0.093008 0.061355 0.061355 0.046728
0.061355 0.068115 0.046728 0.061355
0.061355 0.046728 0.068115 0.061355
0.046728 0.061355 0.061355 0.093008

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=UΣVT

U =

-0.524622 0.707107 0 0.474101
-0.474101 0 −0.707107 -0.524622
-0.474101 0 0.707107 -0.524622
-0.524622 −0.707107 0 0.474101

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

,    V =

-0.524622 0.707107 0 0.474101
-0.474101 0 −0.707107 -0.524622
-0.474101 0 0.707107 -0.524622
-0.524622 −0.707107 0 0.474101

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

Σ =

0.250629 0 0 0
0 0.046280 0 0
0 0 0.021387 0
0 0 0 0.003950

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

All	
  singular	
  values	
  are	
  nonzero;	
  
matrix	
  is	
  full	
  rank	
  (=	
  4)

Demonstra5on	
  that	
  matrix	
  is	
  full	
  rank:



CalculaIon	
  of	
  SVD	
  Scores	
  (4-­‐state	
  data)

SV (s) 1,2 | 3,4 1,3 | 2,4 1,4 | 2,3

1 0.279686 0.278714 0.278716

2 0.218990 0.219191 0.219191

3 0.109020 0.110392 0.110389

4 0.056873 0.057090 0.057090

5 8.00E-05 0.006875 0.006886

6 6.14E-05 0.006315 0.006305

7 4.93E-05 0.003286 0.003286

8 3.80E-05 0.003244 0.003246

9 3.26E-05 0.002905 0.002903

10 3.09E-05 0.002499 0.002499

11 2.69E-05 0.001471 0.001472

12 2.23E-05 0.001182 0.001181

13 1.30E-05 0.001009 0.001008

14 1.03E-05 0.000937 0.000937

15 6.19E-06 0.000382 0.000384

16 1.56E-06 0.000377 0.000375

score 0.000133 0.011353 0.011354

Simula5on	
  condi5ons:

•	
  tree	
  =	
  (((1:0.05,2:0.05):0.05,3:0.1):0.05,4:0.15)
•	
  1,000,000	
  sites
•	
  HKY	
  model:	
  𝜅=4	
  π=(0.1,	
  0.2,	
  0.3,	
  0.4)
•	
  all	
  sites	
  share	
  same	
  history	
  (no	
  incomplete
	
  	
  	
  	
  lineage	
  sor5ng,	
  horizontal	
  transfer,	
  gene
	
  	
  	
  	
  duplica5on	
  and	
  loss,	
  etc.)

1

2

3

4

1

3

2

4

1

4

2

3

score = si
2

i=5

16

∑

=	
  “Frobenius	
  distance”	
  to	
  
nearest	
  rank	
  4	
  matrix



Handling	
  >4	
  taxa
Compute	
  invariant	
  scores	
  for	
  all	
  quartets,	
  choosing	
  the	
  
best	
  resoluIon	
  for	
  each	
  one.

Search	
  for	
  a	
  tree	
  that	
  minimizes	
  the	
  number	
  of	
  
inconsistent	
  quartets	
  (i.e.,	
  seek	
  a	
  soluIon	
  to	
  the	
  
Maximum	
  Quartet	
  Consistency	
  problem).

12 | 34
12 | 35
12 | 45
14 | 35
23 | 45

⎫

⎬

⎪
⎪

⎭

⎪
⎪

Suppose	
  we	
  infer	
  
these	
  quartet	
  
relaIonships	
  for	
  
5	
  taxa
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Handling	
  >4	
  taxa
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  invariant	
  scores	
  for	
  all	
  quartets,	
  choosing	
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best	
  resoluIon	
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  each	
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  (i.e.,	
  seek	
  a	
  soluIon	
  to	
  the	
  
Maximum	
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2
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  consistent	
  quartets,	
  1	
  inconsistent	
  quartet
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Handling	
  >4	
  taxa
Compute	
  invariant	
  scores	
  for	
  all	
  quartets,	
  choosing	
  the	
  
best	
  resoluIon	
  for	
  each	
  one.

Search	
  for	
  a	
  tree	
  that	
  minimizes	
  the	
  number	
  of	
  
inconsistent	
  quartets	
  (i.e.,	
  seek	
  a	
  soluIon	
  to	
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Maximum	
  Quartet	
  Consistency	
  problem).

12|34
12|35
12|45
14|35
23|45

1
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2 4

5

2	
  consistent	
  quartets,	
  3	
  inconsistent	
  quartet

Now	
  evaluate	
  the	
  remaining	
  13	
  trees	
  and	
  choose	
  the	
  one	
  
that	
  maximizes	
  the	
  number	
  of	
  consistent	
  quartets



Handling	
  >4	
  taxa

Must	
  use	
  a	
  heurisIc	
  algorithm	
  to	
  search	
  for	
  the	
  
best	
  tree:
• 	
  The	
  default	
  in	
  PAUP*	
  is	
  a	
  heavily	
  modified	
  
version	
  of	
  “QFM”	
  (Reaz	
  et	
  al.,	
  2014)

• Other	
  algorithms	
  are	
  available	
  in	
  PAUP*	
  and	
  
elsewhere

• Unfortunately,	
  the	
  MQC	
  problem	
  is	
  NP-­‐hard	
  
(i.e.,	
  exact	
  soluIon	
  will	
  be	
  slow	
  for	
  large	
  
numbers	
  of	
  Ips)

While	
  evaluaIon	
  of	
  each	
  possible	
  tree	
  might	
  work	
  well	
  
for	
  5-­‐Ip	
  trees,	
  the	
  number	
  of	
  possible	
  trees	
  for	
  n	
  Ips	
  
grows	
  too	
  quickly	
  to	
  make	
  it	
  a	
  general	
  strategy.



Allman-­‐Rhodes-­‐Eriksson	
  method	
  (ErikSVD)
Work	
  for	
  extremely	
  general	
  models:

Does	
  assume	
  that	
  all	
  sites	
  in	
  the	
  alignment	
  are	
  
independently	
  and	
  idenIcally	
  distributed	
  according	
  to	
  a	
  
general	
  Markov	
  model.

But:
•	
  No	
  assumpIon	
  of	
  staIonarity/Ime-­‐reversibility!
•	
  No	
  assumpIon	
  of	
  homogeneity	
  over	
  the	
  tree!

Each	
  branch	
  may	
  have	
  its	
  own	
  transi5on	
  matrix,	
  or	
  even	
  
mul5ple	
  transi5on	
  matrices	
  along	
  the	
  same	
  branch.

Enables	
  inferences	
  about	
  the	
  tree	
  topology	
  to	
  be	
  made	
  without	
  having	
  to	
  
es5mate	
  the	
  parameters	
  of	
  the	
  underlying	
  model(s).

A	
  recent	
  improvement	
  by	
  Jesús	
  Fernández-­‐Sánches	
  and	
  Marta	
  Casanellas	
  
(Syst.	
  Biol.	
  2016):	
  Do	
  an	
  addi5onal	
  row	
  and	
  column	
  normaliza5on	
  to	
  reduce	
  
the	
  error	
  associated	
  with	
  low	
  counts	
  for	
  certain	
  entries	
  of	
  the	
  flaGening	
  
matrices	
  (“Erik+2”)



Ancestral	
  polymorphism	
  and	
  species	
  trees

DB CA



Ancestral	
  polymorphism	
  and	
  species	
  trees

DB CA

A B C D

Gene	
  tree	
  matches	
  species	
  tree
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  muta5on
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Ancestral	
  polymorphism	
  and	
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  trees
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Final	
  coalescence



Ancestral	
  polymorphism	
  and	
  species	
  trees

A B C D

A B C D

Gene	
  tree	
  conflicts	
  with
species	
  tree

“Incomplete	
  lineage	
  
sorIng”	
  (ILS)



The	
  mulIspecies	
  coalescent	
  model

• Independence	
  between	
  branches—coalescent	
  events	
  that	
  occur	
  
in	
  one	
  populaIon	
  are	
  independent	
  of	
  what	
  happens	
  in	
  other	
  
populaIons	
  within	
  the	
  phylogeny.	
  

• Panmixia—within	
  a	
  populaIon,	
  all	
  pairs	
  of	
  lineages	
  are	
  equally	
  
likely	
  to	
  coalesce.	
  

• Divergence	
  is	
  instantaneous	
  and	
  complete—no	
  gene	
  flow	
  
occurs	
  aver	
  speciaIon

• ILS	
  only—no	
  other	
  evoluIonary	
  processes	
  (e.g.,	
  horizontal	
  
transfer,	
  duplicaIon	
  and	
  loss,	
  .	
  .	
  .)	
  have	
  led	
  to	
  incongruence	
  
between	
  gene	
  trees	
  and	
  the	
  species	
  tree.

• No	
  recombinaIon	
  within	
  genes;	
  free	
  recombinaIon	
  between	
  
genes



Some	
  species	
  tree	
  methods	
  that	
  assume	
  
the	
  mulIspecies	
  coalescent	
  process

‣ Full	
  data	
  methods
• Fully	
  Bayesian	
  	
  (integrate	
  over	
  gene	
  trees	
  within	
  species	
  trees,	
  es5mate	
  posterior	
  
distribu5on	
  of	
  popula5on	
  sizes,	
  branch	
  lengths,	
  and	
  other	
  model	
  parameters	
  in	
  
addi5on	
  to	
  the	
  species	
  tree)

BEST	
  (Liu	
  and	
  Pearl,	
  2007;	
  Liu,	
  2008)	
  
*BEAST	
  (Heled	
  and	
  Drummond,	
  2010)
SNAPP	
  (Bryant	
  et	
  al.,	
  2012)
BPP	
  (Yang	
  and	
  Rannala,	
  2010)

• SVDQuartets	
  (Chifman	
  and	
  Kubatko,	
  2014,	
  2015)	
  
‣ Summary	
  methods	
  (start	
  with	
  es5mated	
  gene	
  trees)
•Methods	
  that	
  use	
  branch	
  lengths:

STEM	
  (Kubatko	
  et	
  al.,	
  2009)
STEAC	
  (Liu	
  et	
  al.	
  2009)

•Methods	
  that	
  only	
  use	
  topology	
  informa5on
STAR	
  (Liu	
  et	
  al.	
  2009)
Minimize	
  deep	
  coalescences	
  ((PhyloNet;	
  Than	
  &	
  Nakhleh	
  2009)
MP-­‐EST	
  (Liu	
  et	
  al.	
  2010)
ST-­‐ABC	
  (Fan	
  and	
  Kubatko	
  2011)	
  
STELLS	
  (Wu	
  2011)
ASTRAL	
  (Mirarab	
  et	
  al.,	
  2014;	
  Mirarab	
  and	
  Warnow,	
  2015)



“Anomaly	
  zones”

Applications of the topology distribution - example 2
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Most	
  probable	
  gene	
  
tree	
  is	
  discordant

with	
  the	
  species	
  tree

hGps://www.asc.ohio-­‐state.edu/kubatko.2/SpeciesTreeEs5ma5on2017.pdf

https://www.asc.ohio-state.edu/kubatko.2/SpeciesTreeEstimation2017.pdf
https://www.asc.ohio-state.edu/kubatko.2/SpeciesTreeEstimation2017.pdf


Handling	
  incomplete	
  lineage	
  sorIng
Chifman	
  and	
  Kubatko	
  (2014,	
  2015)

Example: Computation of Gene Tree Topology Probabilities for the 3-taxon Case

Example of gene tree probability computation (for simplicity, let’s use coalescent units for our time scale, so

t =

u
2N ):

(a) Prob = 1 � e�t
; (b), (c), (d) Prob =

1

3

e�t

Laura Kubatko Species Tree Inference from Multi-locus Data July 1, 2014 10 / 50

When	
  Imes	
  between	
  species	
  divergences	
  are	
  short	
  (or	
  when	
  
populaIon	
  sizes	
  are	
  large),	
  the	
  history	
  of	
  individual	
  genes	
  may	
  be	
  
discordant	
  from	
  the	
  species	
  tree	
  topology	
  in	
  several	
  (or	
  many)	
  ways:

Expected	
  rank	
  of	
  flaGening	
  matrix	
  is	
  10	
  for	
  the	
  true	
  
species	
  tree	
  and	
  16	
  for	
  the	
  other	
  two	
  trees,	
  under
GTR+I+G	
  or	
  any	
  of	
  its	
  submodels!

SVDQuartets:



SVDQuartets
Does	
  not	
  need	
  to	
  assume	
  a	
  molecular	
  clock	
  

or	
  constant	
  populaIon	
  size

(Long	
  and	
  Kubatko	
  hGps://arxiv.org/abs/1701.06871)

A

B

C

D
0.5 length units

1 ("s")

0.10.15

Θ=0.1
100	
  sites/locus
10,000,000	
  loci

(1,000,000,000	
  sites)

3X	
  increase	
  in	
  muta5on	
  rate)

But	
  more	
  data	
  needed	
  
to	
  achieve	
  the	
  same	
  level	
  of	
  accuracy

(the	
  price	
  of	
  generality)

FlaGening	
  for	
  true
split	
  s5ll	
  has	
  rank	
  10

https://arxiv.org/abs/1701.06871
https://arxiv.org/abs/1701.06871


SVDQuartets

A

B

C

D
0.5 length units

1 ("s")

0.10.15

Θ=0.1
100	
  sites/locus
10,000,000	
  loci

(1,000,000,000	
  sites)

3X	
  increase	
  in	
  muta5on	
  rate)

But	
  more	
  data	
  may	
  be	
  needed	
  	
  to	
  achieve	
  the	
  same	
  level	
  of	
  
accuracy	
  (the	
  price	
  of	
  generality)



SVDQuartets

Can	
  also	
  handle	
  migraIon	
  between	
  pairs	
  of	
  sister	
  lineages
(IM	
  model)

4 COLBY LONG AND LAURA KUBATKO

then coalesce at time t2, then a discordant triple will eventually form. Therefore, the Markov
chain transitions from state dcc to the state DT . This sequence of transitions is depicted in
Figure 2.

Once we have defined the Markov chain, we can compute the transition probabilities for
the reduced IM model, the probability that the chain transitions from any state to any other
state over the time interval of length ⌧ . Since we are particularly interested in the gene tree
topology frequencies and since our chain always begins in state ddc, we are most interested
in the probabilities of transition from state ddc to states CT and DT . Notice, however, that
some gene tree must form even if no coalescent event occurs in the gene flow interval. If no
coalescent event occurs over the gene flow interval, then the Markov chain ends in one of the
states ccc, ccd, cdc, dcc, ddc, dcd, or ddd, and all three lineages enter the population ancestral to
C and D. In such a case, the probability of each gene tree topology forming is equal to 1/3.
Therefore, knowing all of the transition probabilities will allow us to determine the probability
of a concordant triple or discordant triple forming in the reduced IM model. By symmetry in the
model, the two discordant topologies form with equal probability, and so we can compute each
gene tree topology probability explicitly. However, there is one further observation that we may
make to reduce the complexity of the Markov chain representing the reduced IM model. That
is that once the chain enters either state ccc or ddd, the probability of each gene tree topology
forming is now 1/3, and we do not need to keep track of any other subsequent transitions. Thus,
for simplicity, we can treat ccc and ddd as absorbing states.

(a) The Markov chain of the reduced IM model. (b) The species tree of the reduced IM model.

Figure 2. A particular sequence of coalescent and migration events in the reduced IM
model and the corresponding path in the Markov chain. The chain starts in state ddc

(shaded circle in (a) and depicted at the present time (i.e., at the tips of the tree) in
(b)). At time t1, the lineage sampled from B migrates between D and C, as depicted in
(b) with a dotted horizontal line. This is represented in (a) by a transition from state
ddc to state dcc (blue arrow). At time t2, the lineages sampled from B and C coalesce
in C, which is a transition from dcc to DT (blue arrow in (b)).

Figure 2a depicts the Markov chain of the reduced IM model with arrows representing the
possible transitions between states under the assumption that only a single event can happen at
a given instant of time (i.e., two or more events do not happen at precisely the same instant of
time). The instantaneous transition rates are the parameters of the model we described above,
and the instantaneous rate matrix is given by,

10 COLBY LONG AND LAURA KUBATKO

Figure 4. Model tree for the simulation studies.

times given by ⌧1 = 1.0, ⌧2 = 3.0, and ⌧3 = 10.0, in coalescent units. The choice of a large
interval between the second and third speciation events was made so that the gene tree topology
distribution would mimic that of the three-taxon case described above. Because the interval
⌧3 � ⌧2 is long, we expect lineages a, b, and c to coalesce completely within this interval with
high probability. Thus the tree can be viewed as being rooted by taxon R. We use this model
tree to carry out two distinct sets of simulation studies that di↵er in the types of input data
used. We describe each simulation set-up and the corresponding results separately below.

Coalescent Independent Sites. Our first simulation study involves the generation of data consist-
ing of coalescent independent sites. Coalescent independent sites are sampled by first simulating
some number, n, of gene trees under the model in Figure 4. For each of the n gene trees, a single
site is generated according to one of the standard nucleotide substitution models. This results in
a dataset consisting of n sites that are conditionally independent given the species tree. This sim-
ulation setting is designed to mimic SNP data, except that there is no requirement that sites are
variable or that they include only two alleles. In other words, any site pattern can be included in
the dataset, but all sites are independently generated under the model, conditional on the species
tree. Within the setting of coalescent independent sites, we consider three distinct sets of simu-
lations designed to assess the performance of SVDQuartets under di↵erent scenarios. The first
setting involves conditions under which anomalous gene trees exist due to the presence of gene
flow and varying ✓ parameters. In particular, we fix ✓A = ✓B = ✓C = ✓R = ✓ABC = ✓ABCR = 2.0
and set ✓AB = 20.0. This amounts to slowing the rate of coalescence in population AB, which
results in migration out of this population before coalescence of lineages a and b with fairly high
probability, leading to an increase in the proportion of discordant gene trees. We assume no gene
flow between species A and B (i.e., m3 = m4 = 0), and allow symmetric gene flow between pop-
ulations AB and C at rate m (i.e., we set m1 = m2 = m). We vary m to assess performance of
SVDQuartets at varying levels of gene flow. Gene genealogies are simulated using the software ms
[12] with the command line: ./ms 4 n -t 2.0 -T -I 4 1 1 1 1 -ej 0.5 1 2 -ej 1.5 2 3

-ej 5.0 3 4 -em 0.5 2 3 m/2 -em 0.5 3 2 m/2 -en 0.5 2 20.0 > treefile, where
m = 0, 0.4, 0.8, 1.2, 1.6, 2.0, 4.0, or 8.0. In the units used by ms, m = 2Np, where p is the fraction
of population AB made up of migrants from population C at each generation (and similarly
for C and AB since we assume symmetric migration) and N is the e↵ective population size.
Once the gene genealogies are generated, a single site is evolved along each genealogy using the
software Seq-Gen [21] under either the JC69 model [13] (command: ./seq-gen -s 0.025 -q

-mHKY) or the GTR+I+G model [23] (command: ./seq-gen -s 0.025 -q -mGTR -r 1.0 0.2

Long	
  and	
  Kubatko	
  2017	
  hgps://arxiv.org/abs/1710.03806

https://arxiv.org/abs/1710.03806
https://arxiv.org/abs/1710.03806


SVDQuartets
Chifman	
  and	
  Kubatko	
  (2014,	
  2015)

A	
  disadvantage:

‣ Perform	
  a	
  ML	
  op5miza5on	
  of	
  node	
  ages	
  and	
  theta,	
  maximizing	
  fit	
  of	
  observed	
  
to	
  expected	
  paGern	
  frequencies	
  under	
  a	
  mul5nomial	
  model

‣ Recently,	
  we	
  have	
  derived	
  equa5ons	
  for	
  compu5ng	
  the	
  first	
  and	
  second	
  order	
  
deriva5ves	
  for	
  node	
  ages	
  and	
  theta,	
  allowing	
  es5ma5on	
  of	
  sampling	
  variance	
  
via	
  the	
  Fisher	
  Informa5on	
  Matrix.

• No	
  esImates	
  of	
  node	
  ages	
  (branch	
  lengths)	
  or	
  theta	
  parameter
• But	
  we’re	
  working	
  on	
  that...
‣ Can	
  calculate	
  (analy5cally)	
  

expected	
  site	
  paGern	
  
probabili5es	
  as	
  a	
  func5on	
  of	
  
the	
  species	
  tree,	
  node	
  age,	
  
and	
  theta	
  parameters	
  by	
  
integra5ng	
  over	
  the	
  
coalescent	
  5mes	
  and	
  
summing	
  over	
  all	
  labeled	
  
histories	
  (Chifman	
  and	
  
Kubatko,	
  2015)

coalescent times for a 4-taxon gene tree G conditional on S. Let G4

and G5 be sets of all metric gene trees ðG; tÞ and ðG5; t⋆Þ, respec-
tively. Now, using Eq. (14) as applied to a 5-taxon species tree S5,
the right-hand side of Eq. (25) is equal to
X

xA ½κ$
pn
i1i2xi4i5 j ðS5 ;τ⋆Þ ¼

X

xA ½κ$

X

ðG5 ;t⋆ÞAG5

Z

t⋆
pσði1 i2xi4 i5Þj ðG5 ;t⋆Þf ððG5; t⋆Þj ðS5; τ⋆ÞÞ dt⋆

¼
X

ðG5 ;t⋆ÞAG5

Z

t⋆

X

xA ½κ$
pσði1i2xi4i5Þj ðG5 ;t⋆Þf ððG5; t⋆Þj ðS5; τ⋆ÞÞ dt⋆

¼
X

ðG5 ;t⋆ÞAG5

Z

t⋆
pσði1i2 i4i5Þj ðG;tÞf ððG5; t⋆Þj ðS5; τ⋆ÞÞ dt⋆

¼
X

ðG;tÞAG4

X

ðG;tÞj ðG5 ;t⋆ÞAG5

Z

t⋆
pσði1 i2i4 i5Þj ðG;tÞf ððG5; t⋆Þj ðS5; τ⋆ÞÞ dt⋆:

ð26Þ

The second sum in the last expression,
P

ðG;tÞj ðG5 ;t⋆ÞAG5
, means that

for each 4-taxon gene tree ðG; tÞ we sum over all placements of the
fifth taxon. Essentially, we replace a sum over all five-taxon trees
with a sum over all four-taxon trees that includes, for each four-
taxon tree, a sum over all placements of the fifth taxon. Define Bn

to be the branch of S5 on which tn occurs, and let B be the set of
all branches of S5 regardless of where tn occurs. Then according to
Eq. (7) we can write the gene tree density given S5 as

f ððG5; t⋆Þj ðS5; τ⋆ÞÞ ¼ ∏
bAB

f Pb
ðtub ; tub &1;…tvb þ1Þ

¼ ∏
bAB\Bn

f Pb
ðtÞ

 !

( f PBn
ðt; tnÞ: ð27Þ

Substituting (27) into the last expression of (26) we get
X

xA ½κ$
pn
i1i2xi4i5 j ðS5 ;τ⋆Þ ¼

X

ðG;tÞAG4

X

ðG;tÞj ðG5 ;t⋆ÞAG5

Z

t⋆
pσði1 i2 i4 i5Þj ðG;tÞ

)f ððG5; t⋆Þj ðS5; τ⋆ÞÞ dt⋆

¼
X

ðG;tÞAG4

X

ðG;tÞj ðG5 ;t⋆ÞAG5

Z

t

Z

tn
pσði1 i2 i4 i5Þj ðG;tÞ

) ∏
bAB\Bn

f Pb ðtÞ

 !

f PBn ðt; t
nÞ dtndt

¼
X

ðG;tÞAG4

Z

t
pσði1 i2i4 i5Þj ðG;tÞ ∏

bAB\Bn

f Pb ðtÞ

)
X

ðG;tÞj ðG5 ;t⋆ÞAG5

Z

tn
f PBn ðt; t

nÞ dtn
 !

dt

¼
X

ðG;tÞAG4

Z

t
pσði1 i2i4 i5Þj ðG;tÞf ððG; tÞj ðS; τÞÞ dt

¼ pn
i1i2 i4i5 j ðS;τÞ:

Let US5 denote the continuous parameter space for the species tree
S5 and US the continuous parameter space for the induced 4-leaf
tree S. From the argument above it is easy to see that we have a
commutative diagram of analytic maps with αS surjective and βS a
marginalization map, e.g., we sum over indices for taxon C (Fig. 3
and Eq. (25)).

It is straightforward to extend all of these ideas to the n-taxon
case. By applying an argument similar to that of Corollary 3 on
page 1109 in Allman and Rhodes (2006), we get the following
result.

Corollary 1. Let CSn denote the coalescent phylogenetic model for the
n-taxon species tree Sn. Then the unrooted species tree Sn is identifi-
able for generic parameters.

6. Generalized Jukes–Cantor coalescent κ-state model

To show generic identifiability in Theorem 1 we have used
precise formulas for the generalized Jukes–Cantor κ-state model
under the coalescent for a 4-taxon species tree. In this section we
describe computations of the JC69 model for a symmetric and
asymmetric 4-leaf species trees.

As was mentioned in Section 2.2, if we let the rates of mutation
and relative frequencies of the states at equilibrium be μ≔μ1 ¼
⋯¼ μð1=2Þκðκ&1Þ and π¼ ð1κ;

1
κ;…; 1κÞ in Eq. (8), respectively, then the

resulting model is the Mk model as described in Lewis (2001),
which is a generalized Jukes–Cantor κ-state model. In addition, let
the proportion of invariable sites, δ, be 0. The κ) κ instantaneous
rate matrix Q for the κ-state JC69 model is

ρiQ ¼ ρiα

1&κ 1 ⋯ 1
1 1&κ ⋯ 1
⋮ ⋮ ⋱ ⋮
1 1 ⋯ 1&κ

0

BBB@

1

CCCA; ð28Þ

where α¼ μ
κ is the instantaneous rate of any transition between

states and ρi40 is the rate of evolution at a site for category iA ½m$
associated with the discrete gamma distribution. The transition
probability matrix Pρi ðtÞ ¼ eQρi t takes the form:

Pρiij ðtÞ ¼

1
κ
þ
κ&1
κ

e&ρiμt ; i¼ j;

1
κ
&
1
κ
e&ρiμt ; ia j:

8
>><

>>:
ð29Þ

The symmetry of the Jukes–Cantor model makes it possible to
write each site pattern probability for a 4-leaf species tree
concisely for any κZ2.

6.1. Site pattern probabilities: gene tree

Consider a 4-leaf unrooted gene tree labeled as in Fig. 2. Recall
that the site pattern probability for a particular observation i1i2i3i4,
ijA ½κ$, and the branch length ve, eAf1;2;3;4;5g is given by

pρi
i1 i2i3 i4

¼
Xκ

r ¼ 1

Xκ

s ¼ 1

πrP
ρi
ri1
ðv1ÞP

ρi
ri2
ðv2ÞPρirs ðv3ÞP

ρi
si3
ðv4ÞP

ρi
si4
ðv5Þ: ð30Þ

To make notation simpler, we let peii≔Pρi
ii ðveÞ be the probability of

no change in the state over a time interval of length ve and let
peij≔Pρi

ij ðveÞ be the probability of a state change along the edge
eAf1;2;3;4;5g with length ve. Then the probability of the pattern
xxxx, where xA ½κ$ is

pρi
xxxx ¼

1
κ
ðp1iip

2
iip

3
iip

4
iip

5
iiþðκ&1Þp1iip

2
iip

3
ijp

4
ijp

5
ijþðκ&1Þp1ijp

2
ijp

3
ijp

4
iip

5
ii

þðκ&1Þp1ijp
2
ijp

3
iip

4
ijp

5
ijþðκ&1Þðκ&2Þp1ijp

2
ijp

3
ijp

4
ijp

5
ijÞ: ð31Þ

Indeed, this is easily computed by observing that when r¼ s¼ x in
Eq. (30) then we will have exactly one term of the form

p1iip
2
iip

3
iip

4
iip

5
ii:

For r¼ sax we will have ðκ&1Þ terms of the form

p1ijp
2
ijp

3
iip

4
ijp

5
ij:

The other three cases for ras are as follows:

* r¼x and sA ½κ$\frg, then we have ðκ&1Þ terms of the form
p1iip

2
iip

3
ijp

4
ijp

5
ij;

J. Chifman, L. Kubatko / Journal of Theoretical Biology 374 (2015) 35–4744



SVDQuartets
Chifman	
  and	
  Kubatko	
  (2014,	
  2015)

A

B

C

D
0.5 length units

1 ("s")

Node True age Estimated
Age

Standard
Error

X 0.5 0.5206 0.0623

Y 1.0 0.9714 0.0822

Z 1.5 1.4980 0.1024

X

Y

Z

1,000	
  loci
sites/locus=50
theta=0.1

es5mated	
  Θ	
  =	
  0.101	
  (0.0044)

(need	
  to	
  test	
  bigger	
  trees)



ASTRAL
Properties of quartet trees in 

presence of ILS

7

• For 4 species, the dominant quartet 
topology is the species tree [Allman, et al. 2010]

• For >4 species, the dominant topology 
may be different from the species tree 
[Degnan and Rosenberg, 2006]  

1. Break up input each gene tree into 
trees on 4 taxa (quartet trees) 

2. Find all (4n) dominant quartet 
topologies 

3. Combine dominant quartet treesOrang.

Gorilla Chimp

Human Orang.

GorillaChimp

Human

Orang.

Gorilla

Chimp

Human

Dominant

30%p1 = 30%p2 = 40%p3 =

Orang.

GorillaChimp

Human Orang.

Gorilla Chimp

Human

Orang.

GorillaChimp

Human

Orang.

Gorilla

Chimp

Human

Orang.

Gorilla Chimp

Human

Orang.

Gorilla

Chimp

Human ✓
n

4

◆

✓
n

4

◆

hGp://tandy.cs.illinois.edu/siavash-­‐astral2-­‐ISMB.pdf

http://tandy.cs.illinois.edu/siavash-astral2-ISMB.pdf
http://tandy.cs.illinois.edu/siavash-astral2-ISMB.pdf


ASTRAL	
  with	
  >4	
  species

Find	
  the	
  species	
  tree	
  with	
  the	
  maximum	
  number	
  of	
  induced	
  
quartet	
  trees	
  shared	
  with	
  a	
  collecIon	
  of	
  gene	
  trees

humanchimpgorillaoranggibbon

humanchimporanggorillagibbon

humanchimpgorillaoranggibbon

humanorangchimpgorillagibbon

humanchimpgorillaoranggibbon

humanchimporanggorillagibbon

(human,chimp),(gorilla,orang)
(human,chimp),(gorilla,gibbon)
(human,chimp),(orang,gibbon)
(human,gorilla),(orang,gibbon)
(chimp,gorilla),(orang,gibbon)

Three	
  example	
  gene	
  trees	
  and	
  their	
  induced	
  quartets:
(trees	
  are	
  considered	
  to	
  be	
  unrooted)

(chimp,gorilla),(human,orang)
(human,gibbon),(chimp,gorilla)
(human,chimp),(orang,gibbon)
(human,gorilla),(orang,gibbon)
(chimp,gorilla),(orang,gibbon)

(human,orang),(chimp,gorilla)
(human,chimp),(gorilla,gibbon)
(human,orang),(chimp,gibbon)
(human,orang),(gorilla,gibbon)
(chimp,orang),(gorilla,gibbon)

humanorangchimpgorillagibbon

humanchimpgorillaoranggibbon

humanchimporanggorillagibbon

Number	
  of	
  loci
with	
  this	
  tree 510 1



ASTRAL	
  with	
  >4	
  species

Resolved quartet Induced by tree(s) Weight

(human,chimp),(gorilla,orang) 1 10

(human,chimp),(gorilla,gibbon) 1,3 10+1=11

(human,chimp),(orang,gibbon) 1,2 10+5=15

(human,gorilla),(orang,gibbon) 1,2 10+5=15

(chimp,gorilla),(orang,gibbon) 1,2 10+5=15

(chimp,gorilla),(human,orang) 2 5

(human,gibbon),(chimp,gorilla) 2 5

(human,orang),(chimp,gorilla) 3 1

(human,orang),(chimp,gibbon) 3 1

(human,orang),(gorilla,gibbon) 3 1

(chimp,orang),(gorilla,gibbon) 3 1

Compute	
  the	
  total	
  number	
  of	
  Imes	
  each	
  resolved	
  
quartet	
  was	
  found	
  over	
  all	
  input	
  gene	
  trees



ASTRAL	
  with	
  >4	
  species
Find	
  the	
  species	
  tree	
  that	
  maximizes	
  the	
  number	
  of	
  

consistent	
  quartets	
  (a	
  la	
  SVDQuartets)

humanchimpgorillaoranggibbon

humanchimporanggorillagibbon

humanchimpgorillaoranggibbon

humanorangchimpgorillagibbon

humanchimpgorillaoranggibbon

humanchimporanggorillagibbon

humanchimpgorillaoranggibbon

humanorangchimpgorillagibbon

humanoranggorillachimpgibbon

score=10+11+15+15+15=66
(best	
  tree)

humangorillachimporanggibbon

humangorillaorangchimpgibbon

humangorillachimporanggibbon

score=0+0+15+15+15=45

score=1+5+15+15+15=51

score=1+1+1+5+15=23

Could	
  also	
  evaluate	
  11	
  more	
  species	
  trees	
  (have	
  to	
  search	
  over	
  all	
  unrooted	
  
species	
  trees,	
  including	
  trees	
  that	
  never	
  appeared	
  as	
  a	
  gene	
  tree)

For	
  each	
  species	
  tree	
  evaluated,	
  we	
  sum	
  the	
  weights	
  of	
  all	
  sa5sfied	
  quartets



ASTRAL

• Where	
  do	
  the	
  gene	
  trees	
  come	
  from?

That’s	
  your	
  problem!	
  Typically,	
  people	
  run	
  RAxML	
  or	
  IQ-­‐TREE	
  to	
  
es5mate	
  gene	
  trees.	
  	
  ASTRAL	
  is	
  a	
  very	
  fast	
  method	
  once	
  you	
  have	
  the	
  
gene	
  trees,	
  but	
  the	
  gene-­‐tree	
  es5ma5on	
  typically	
  dominates	
  the	
  total	
  
run	
  5me.

• ASTRAL	
  makes	
  a	
  consistent	
  es5mate	
  of	
  the	
  species	
  tree,	
  as	
  long	
  as	
  the	
  
input	
  gene	
  trees	
  themselves	
  are	
  es5mated	
  using	
  a	
  consistent	
  method.	
  	
  
If	
  the	
  gene	
  trees	
  es5mates	
  are	
  biased,	
  there	
  is	
  no	
  guarantee	
  of	
  
consistency.

• Astral	
  provides	
  exact	
  and	
  heuris5c	
  algorithms	
  for	
  the	
  MQC	
  	
  tree	
  search.	
  	
  
The	
  exact	
  method	
  will	
  be	
  too	
  slow	
  if	
  there	
  are	
  very	
  many	
  5ps.

• Download	
  at:	
  hGps://github.com/smirarab/ASTRAL

https://github.com/smirarab/ASTRAL
https://github.com/smirarab/ASTRAL
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